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Abstract. A general procedure is given to obtain any time-depen
dent solution of the Fokker-Planck equation for heavy ions in
light gases in (time-dependent) electric fields and/or static
magnetic fields. In this way, both non-stationary and stationa
ry ion velocity distributions are obtained which can be useful
in the interpretation of drift-tube experiments.

The knowledge of the velocity distribu}ion of ions in a
gas in electric fields is very important for a correct interpre
tation of the phenomena occurring in drift tubes/1/.

Here we consider the case in which heavy ions (of mass m,
charge 9, and number density m), dilutely and homogeneously
dispersed in an infinite gas of light atoms (of mass M<«m and
number density N»m), are subject to the action of an electric
field E(t) and of a static magnetic field B.

We shall determine the ion velocity distribution f(v,t), at
time t, by solving the Boltzmann equation in the well-known ap
proximate form of the Fokker-Planck equation

a.r;iy,t) +(alt)+vx Q).Q% =A{d%(@f@-,f)) & %7' V;f(y7-t)} (1)

with an assigned arbitrary initial condition. In eq. (1)

alt)= E(t)mis the ion acceleration in the (time-dependent) elec
tric field E(t), £}=q§/WL is the vector cyclotron frequency in
the magnetic field B, T is the temperature of the background
gas which is assumed to be (and remain) in thermal equilibrium,
k is the Boltzmann constant, and A (which depends on the ion-
neutral interaction law) is given by

g4, M (% s (" i ,
A"?"/“i kTJ;%I(V)V OleoU(V,X)(i cos X) sinX dX . ()
Here, sy is the mass ratio M/(m+M) ,
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M 3/2, M'V:/
%(V)'N(zwﬂJ e“*’(' zm‘) )
is the equilibrium distribution of the neutral-particle veloci
ties V, O is the differential scattering cross section, and X
is the scatterlng angle.

In order to solve eq.(l) in the most general case, we first
observe that, multiplying by iy both sides of eq.(1l) and integra .
ting over the whole V-space, we easily obtain the equation

d<v>,
dt

which describes the relaxation of the mean (or drift) velocity

-(at)+ <y x Q)= -A<w>, , (4)

<=4 f vitrdy. (5)

Then we rewrite eqg.(1l) in the form

of (vt of (v, t)
R

- A{dwy[(y—%[g(t) <, x @]} f('_u,t)] +’°—,fv1_ff(q;,t)}. o)

Moreover, we assume for the moment that, at any time taO, it is

(V-<us)x Q- M = 0. (7)

‘At this point we let
v v <ws,. (8)

Indicating with f*@[ﬂt) the ion velocity distribution in the
ytspace, it is evidently

3

f(lr,t)=f*(1r*,t)=f*(1r—<g>t,i). (9)

Taking now into account that f* depends on t also through‘yﬁ
we have

oftwt) _af¥wit)  d<ws of wht) (1)

Jt ot dt oy*
Thus, observing also that

2 .2 d ot _ ot " 11)

ov; av;:-x al av,il/"a,v,::, (2—x7y)z), (

and making use of eq.(4), eq.(6) (subject to assumption (7))
becomes



af*[u*t) . ® o kT o8 % x
__._a.t:*z__—_-A{dWy*(lyf (’I_}‘*,t))‘i"%‘%,f (z_f,t) , (12)
i.e. the Fokker-Planck equation for a field-free (Rayleigh) gas
/2/.

x .
The equilibrium solution fk(y%) of this equation corres

ponds to a solution of eq.(1l) which necessarily depends on time
only through <y>. From (8) and (9) we have, in fact,
% 2
* ~ m(v-<u>

(v,t)=f (v")=’n(m } ex (—g_tl . (13)

ft, = kT P 2kT
Ihis result extends to the case of time-dependent electric
field ‘uvut static magnetic field) the result found by Kihara/3/

for heavy ions in static electric and magnetic fields. Of cour
se, solution (13) requires that also the initial velocity dis
tribution f(v,0) 1s of the same form (13) with <¥>, in place of
<VU>, . Moreover, the ion distribution (13) satisfies also assum
ption (7) at any time t>0.

At this point, solution (13) can really be explicitly
obtained once eq.(4) is solved. Assuming £ along the Z-axis,
and al(t)=ga, coswt in the Yz-plane so that

Q(f)=a(f)$ingu]/'\+a(t}wsy//€ (quxé%), (14)
we obtain
<UL = e‘”{«m Cos Ot + <v,>, sim Lot
L x70 37 SN

'A—1ao.sz'/n1p [Q(*- w*+ Q¥ cos Qt + % w£+ 0% sin .Q,ﬂ}

+A'1aosimu[£),()\”—w‘+ Q%) coswt + A0 sinwt |, (15)

-t .
<Y =€ {<vy>a Cos Qt = <U> svn Nt

—A a, sing[A (A4 wh+ 0 cos Ot - QA% w*+ a°) s{/nat]}

4 A_iaosifn ¢ [A(A*+ ™+ Q) cos wt + w4 wi- QY simwt],
(16)

A
1 Al_‘_ 2 2

_-At DyCos ¢ :
<Yx=€ ‘{<'v”2>0—a0w3tp-——w}+z"—+w—z[)\wswt+wsmwi’],

€17
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where Aa(}\z+wz+ﬂl’)z—&wzQ".

for large values of t (i.e. for t—>o00, or at least for
t>» ™) the terms involving the decreasing exponential factor
vanish, and the stationary time-dependent expressions of the
components of <¥> are thus obtained. Putting moreover w=0 (and
4,=2) the steady-state drift velocity in static electric and
magnetic fields is also got. On the other hand, letting =0
(or @,=0) one can obviously eliminate the magnetic- (or elec
tric-) field effect. Therefore, for large times, eqs.(15)-(17)
are able to give a rather general expression of <¥> to be
inserted in (13) to yield the stationary ion velocity distribu
tion, while, for any time t>0 , the same equations allow us to
explicitly write also the non-stationary ion veloccity distribu
tion (13).

But our procedure can yield any other time-dependent solu
tion of the Fokker-Planck eq.(1l). Suppose, in fact, that (cf.
eq.(9))

Fv,0)=f*(w*,0)=m (%}kT) ( sz (18)

with To'q?éT. £Eq.(12) can then easily be solved/2/ to give

Ya, ~my-<v)? 19)
£, 1) =f ") = (2 kT) wp( gl (
with
_T,) -t
T-T[- (1) ), 620
and <v¥>, , as above, solution of eq.(4).

Also in this case assumption (7) is satisfied at any time,
so that solution (19)-(20) is really valid. Moreover, if we take
T,—»0 in (18), we have

f(v,0)=md(v-v), (21)

where J(y—g,,) 1s the Dirac delta function, and VU, =<¥>,. In this
limit eq.(19) with

T,-T(1- ¢ **)

(22)
becomes the "fundamental solution" ’nW(y',t;’l[D) of the Fokker-
Planck eq.(l). Consequently, the solution (of(1l)) which corres
ponds to any other initial ion distribution f(v,0) (and which
does not necessarily satisfy assumption (7)), can now be obtai
ned by integration through the relation/2/

f(«_r,w:f f,, 0 W t;v,) dv, . (23)
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So, the general problem of solving eqg.(l) subject to an
arbitrary initial condition is in principle solved, and the pos
sibility of obtaining the heavy-ion velocity distribution in
situations of practical interest in drift-tube experiments/4/
is achieved. =

0f course, the limits of validity of the solution obtained
here are strictly linked to those of eq.(l) itself. Thus, in
the case of an initial (shifted) maxwellian distribution of the
form (18) with Tg=T , it is reasonable to require that (at
least for M/m<0.02) the condition

<wx M (24)

kT/m =~ m

must be satisfied at any time t» (0, in accordance with the con
clusions of ref./5/ for the initial times, and of ref./6/ for
the large times (f—=>c0). (Note that the sign ~ must be intended
here as "of the same order of magnitude as" rather than "nearly
equal to").

For more details on this point, and for the solution of a
kinetic equation/7/ more accurate and reliable than the Fokker-
Planck equation (1), we defer the readers to future papers.
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